The close relationship which exists between exceptional central simple Lie algebras, Cayley algebras, and exceptional central simple Jordan algebras has been known for some time. The representational point of view which the latter nonassociative algebras afford has led to the complete classification of the Lie algebras G 2 and F 4f partial classification of the Lie algebras A and E 6 , and to concrete realizations for forms of the above algebras and the algebras E 7 and E s .
In the present paper we shall establish a "coordinatization" theorem (Theorem 2) for exceptional simple subalgebras of the Lie algebra 8(3) of type Eβ, over an algebraically closed field of characteristic 0, in terms of the annihilated subspace. We use this to give a new proof of the well known con jugacy (see Dynkins Table 25 ) of split subalgebras of type G 2 or A or F 4 , of a split algebas of type A or Ft or E e over a field of characteristic 0 (Theorem 3). This is then applied to obtain new results in the classification of A and E Q which are subsequently used in generalizing the above conjugacy and extension of automorphism theorems to the (possibly) nonsplit case.
Throughout this paper, unless specifically stated otherwise, all fields which appear will have characteristic 0. If S is a Lie algebra over the field k, then we say that 2 is (a form) of type X x if 8^ (k the algebraic closure of k) is the Lie algebra X t in the Killing-CartanSeligman classification. 1*2* Let (£ be a Cayley algebra over the field k. Recall that © is an 8-dimensional vector space together with a nondegenerate bilinear form n (a, 6) , and a bilinear multiplication KxK^g ((α, b) κ> ab) which are related by n(ab, ab) = n{a, a)n (b, b) (α, b) e (£ .
(£ is a unital, central simple, alternative, notassociative algebra and n necessarily has Witt index 0 or 4 ([14] ). In the latter case (£ is referred to as the split Cayley algebra over k. It is well known that 3)((£), the derivation algebra of a split Cayley algebra, is the split Lie algebra G z ([12] ) and that the Lie algebra 3((£, n) of w-skew transformations in (£ is the split Lie algebra A ([15] 
0), 3) = ©((£) and 2 = §((£, ri). Then every isomorphism a : S)-*£ is extendable to an automorphism of £. If k is algebraically closed then extension can be achieved by an invariant automorphism ([15] p. 265) of S.
Proof. It is known (c.f. [15] , p. 234) that the only irreducible module for the split G 2 , of dimension at most eight, is seven dimensional and is unique. This implies that 3)((£) has a unique 7-dimensional module.
(£ is a completely reducible & = 3) α -module (char k = 0, c.f.
[15], p. 79) and the above shows that K = 302K where 3 is a 1-dimensional zero module and Wl is an irreducible 7-dimensional ^-module. One easily sees that $ and Hft are the only nontrivial ίE-submodules of (£. Since $ consists of w-skew transformations, 3
1 is a 7-dimensional $-submodule so $ x = Hft. The corresponding decomposition of (£ as ®-module is (7 = Jfcl + (£ 0 where (£ 0 is the ( -l)-space of the canonical involution a -> n(a, 1)1 -α == a in K.
If we identify 3) and ίΐ by a, then the uniqueness of the 7-dimentional S)((£)-module manifests itself by the existence of a linear isomorphism B: (£ 0 -* SK such that
Define a nondegenerate bilinear form n' on 3K by ^'(m, m') -n(mB~\ m'B* 1 ). A simple calculation shows that ^ is skew with respect to n'. Since $ generates End fc 9K (the representation is absolutely irreducible) and is skew with respect to both n r and n \ M it follows that the adjoints with respect to the two forms are the same and hence that the forms are dependent (e.g. [15], p. 312, or [3] ). Thus there is a λ e fc* with n f -Xn \ Wl. For m e 9K, λn(m, m) = w'(m, m) = n(mB~\ mJ5 -1 ), so there is an αeS with w(α, α) = λ. Ba R (a R : b ->ba) is an orthogonal mapping of (£ 0 into (£ and by Witt's Theorem there exists an 0 e O(n) with Ba R = 0 | (£ 0 Let A = 0α; 1 . A is a similitude of ((£, w) and conjugation by A is an automorphism of S. Since A \ (£ 0 = J5 and (kl)A = 3> (1) shows that this automorphism extends a. 1*3• In this section we introduce the exceptional central simple Jordan algebra, recall some well known results for further use, and indicate the canonical realizations of the algebras G 2 , A, -F 7 * and ί7 6 in terms of these algebras.
Let E be a Cayley algebra over the field k and consider the algebra K 3 = &<S)kh of all 3 x 3 matrices with entries in (£. If Ύίβfc*, i -1, 2, 3, then the subspace $ = Ij((£ 3 , 7) of all matrices in (E 8 of the form (and α -> α the canonical involution in (£) is equipped with the structure of an exceptional central simple Jordan algebra by means of the composition x.y -(l/2)(xy + yx), xy denoting the product in (£ 3 . If we let {e iS } be the usual matrix units in fc 3 £ (£ 3 then e« = β 4 are orthogonal ίdempotents in Qf, i = 1, 2, 3, and / = β x 4-β 2 + e 3 is the identity of & £? is a power associative algebra and the generic minimal polynomial of x G $ is
where T(x) is the (linear) generic trace form, Q(x) a quadratic form, and N(x) the (cubic) generic norm form. The trace bilinear form 
One can obtain x x y explicitly from the multiplication in $ 11] , eq. 1.4). Using this form of the cross product we see that (Ore,) = {xeSlxx e x = 0} = / (where $<,-== {α^ = αβ 4i + 77 1 7 ί αβ iί | α e (£} £ 3ί) and hence that dim(0: e % ) = 17.
The Peirce decomposition of $ relative to {ej is Σ*=i & e ; + Σ*<y3fίi and is an orthogonal decomposition with respect to the trace bilinear form. It then follows that (0: ej 1 = 9ΐ = &e 2 + ke 3 + ^2s is a Jordan subalgebra of $ with identity e 2 + e 3 . We note that for x e 9ΐ, Γ(a;, β 2 + β 3 ) = 0 implies α 2 e k(e 2 + β a ) Assume for the moment that $ is an arbitrary exceptional central simple Jordan algebra over k (i.e., that ^ is an algebra of the preceding type). $ is called reduced if it contains a nontrivial idempotent and one has the result of Schafer ([20] , [22] ) that every reduced algebra has the form ΐ) ((£ 3 , 7) where the Cayley algebra is unique up to isomorphism. Following Jacobson ([13]) we introduce the ternary 
Finally 3 is called split if it is reduced and if the attached Cayley algebra is split. Let Π ΞΞ 77(3) = {x e $ \ x Φ 0, x x x = 0} = {x e 3f | x Φ 0, N(x, x, y) = 0. for all 2/} be the elements of rank one in 3 It is known that 77 consists exactly of all nonzero elements in $ which are either nilpotent of order 2(xe 77, T(x) -0) or scalar multiples of primitive idempotents (xe Π, T(x) Φ 0). The conditions that xe3 be a primitive idempotent are x e 77 and T(x) = 1 ([22] ) and r (M) 
Let 3 be a split exceptional central simple Jordan algebra over k and {ej a set of three supplementary orthogonal idempotents. 8($) Ξ {L e End* $ I N(xL, x, x) = 0 for all a? e $}-the algebra of norm skew transformations in $-is the split Lie algebra £^( [7] ). ®(3f) = {derivations of ^} -{D e 8(3) | ID -0} = {£> e £(£) | -JD* -D], # denoting transpose with respect to the trace form, is the split Lie algebra F* ( [7] ). QQIΣke,) ^{De 3)(3) or 8(3) 1^ = 0^ = 1, 2, 3} is the split Lie algebra D 4 ([7] ). If 3 = §(®s> ^) *^e subspace ϊj = fce^ + Σ^jklij is a simple subalgebra of 3 Indeed g = ή(fc 3 , Ύ)-the symmetric 3x3 matrices over k relative to the involution (a^ ) -* 7 -1 (a?ϋ)7, where 7 = diag {Ti, 7 2 , 7 3 }. § is isomorhic also to the algebra of symmetric linear transformations in a three dimensional space relative to the quadratic form Σ*-i Ή Xl
It is easy to see that is the split Lie algebra G 2 .
be a split exceptional central simple Jordan algebra over k and let GLffi) be the group of all norm equivalences of S(N(xT) = XN(x) for all xe$, X fixed). Then GL($) acts transitively on the set of invertible elements of ί$(N(x) Φ 0) and on
Proof. The last part is a consequence of Proposition 1 and a result of Jacobson's ([16] II, Th. 5). If ve$ with N(v) Φ 0 then the algebras $ and $ (ί°, (u -v~ι) are isomorphic. If T is an isomorphism between them then T is an equivalence between their norm forms and the conclusion follows immediately from (3) and the fact that IT = v, the identity of $ (M) .
1*4 Canonical embeddings* Let $ be a split exceptional central simple Jordan algebra over k, k algebraically closed of characteristic Φ 2, 3. Throughout this section $ will be a Lie subalgebra of £($) which acts completely reducibly on $. For any ^-module 3ft we let 3ft 0 = 3ft o ($) be the submodule of 3ft annihilated by $. For convenience we shall call 3ft nondegenerate if 3ft 0 = {0}. It is easy to see that if M is a subspace of a nondegenerate completely reducible ^-module, then the submodule generated by M is spanned (as a vector space) by {mL \meM, Le®} over k.
Then there is a ue^0 where N(u) Φ 0.
Proof. Suppose that N(x) = 0 for all x e $<>. Since Qf is a completely reducible ^-module, Q> = So Θ 3ft where 3ft is a (nondegenerate) -module. For z e Sft there are w { e 3ft and L 4 e β such that Σ ^ίLi = z. Using the 4ί norm skewness" of L we see that
) for all isotopes of $ by (3) so we may use this together with Proposition 1 to reduce the argument to the case where $ 0 contains a primitive idempotent, say e. Since primitive idempotents are conjugate in $ ( [1] ) we may assume that $5 - §(& 3 , 7) where e = e γ (notation as before). (0: e) is a ^-submodule of $ and e x $ 0 = 0 implies that $ 0 S (0: e). By complete reducibility (0: e) has a 10-dimensional complement which is nondegenerate since ^0 £ (0: β). This contradicts our assumption on Qf.
Proof. Our hypotheses imply that £ £ ®(3f) It suffices to show that $ 0 contains a nontrivial idempotent β, since then either e or J -ee^0 will be primitive. Proceeding by contradiction we assume that I is the only idempotent in the subalgebra Qf 0 .
For xe^SQ f let k[x] be the (commutative, associative) subalgebra of 3f generated by a? and /. Since / is the only idempotent in k[x] 9 Wedderburn's Principal Theorem ([8] , p. 491) shows that k [x] = kl + N x where N x is the radical of k [x] (k is algebraically closed). Thus $ 0 is an almost nil Jordan algebra and hence $ 0 -kl + 31 where 31 is a nilpotent ideal in $ 0 ([19] ). For xeN, (2) reduces to χ * = 0 ([17], Th. 1) so 0 = T(x) = T(x, I) and 31 S (kl) 1 , the orthogonal complement of kl relative to the trace bilinear form.
Since 31 is a subalgebra of $ 0 , this computation also shows that 31 is a totally isotropic subspace of (kl) 1 . Thus ϊϊ 1 is a 27 -(w -1)-dimensional ^-module which contains $ 0 By complete reducibility it has a (nondegenerate) (w -l)-dimensional complement. This contradiction establishes the result. Proof. Without loss of generality we may take $ = f)((£ 3 , 7) where β = β lβ By the discussion of §1.3 9ΐ = ke 2 + A;e 3 + S 23 As in the proof of Lemma 2 (β s ®(^)) we see that both Sft and Sft' = 9t Π (Λ(β 2 + β 3 ) x ) are β-submodules of 3f, and that if the desired conclusion does not hold then $ 0 ΓΊ 91 is an almost nil Jordan algebra with nilradical 31. 31 g 3Ϊ' and is totally isotropic since it consists of nilpotents of order two (c.f. remark in §1.3 following the introduction of the cross product). Then 31 1 Π 91 is a 10 -(m -l)-dimensional submodule of 3ΐ containing 3Ϊ O (^) = ^0 ΓΊ 3ΐ. Since 9ΐ is completely reducible ^-module, a ^-complement for 9Ϊ 1 Π 3ΐ in 9Ϊ is a nondegenerate (m -l)-dimensional ^-module in 9ΐ. Contradiction.
We now have the main result of this section. (a) By Lemma 1 and the equivalent defining relations for SD(3f) we see that ® g ®($ w ) for some u. Since the latter algebra is of type F 4 we obtain our first conclusion.
(b) By Lemma 1 and the above we see that ft s 3)($ (t0 ) for some u. If n = dim 3ft Observe that the restriction in part (c) above is essential since 8($) contains an irreducible subalgebra of type G 2 ([9] 1 5 Conjugacy theorems* Let K be a Cayley algebra over k (char k = 0), $ = J}((£ 8 , 7), {e<} the diagonal idempotents and § = §(fc 8 , 7) the subalgebra Σ ke t 0 Σί<; kl iS . Consider the following sequence
S 8(3f) .
If k is algebraically closed then every automorphism of an algebra in the above chain extends to an (invariant) automorphism of any algebra of the sequence which contains it. If k is not algebraically closed then the above extendability still holds for the two sequences obtained by deleting either 35(8/Σ &e<) or 35(8) (even if 8 is not split). One need only see this at each of the above inclusions. The first follows from (the translation of) Theorem 1, the second by [2] and the third by [21] .
If Si is a subalgebra of type G 2 of a Lie algebra S of type E β then we will call Λ o-reducible (in 8) if S 0 (SB) Φ 0 (relative to the representation ad^ I $)• If 8 = 8 (8) and if SB is a o-reducible G 2 subalgebra of 8, then it is easy to see that 8o(^) Φ {0}. Indeed, one need only show this when k is algebraically closed. In this case, WeyPs demension formula shows that 8 is either ^-irreducible or 8o($) ^ {0} If 8 is ^-irreducible, then 8 0 (SB) S {centralizer SB in End 8} = k (Shurs lemma). This implies that 8 0 (SB) = {0}. Thus $ o-reducible in 8 implies 8o($) Φ {0). 
which carries 8o($i) onto 80(^2). As in the proof of Proposition 2, T is a norm equivalence of 8 and conjugation by T induces an automorphism of 8 which carries ^ onto SB 2 -(a) and (c) follow from obvious modifications of the above argument, (d) was established in Theorem 1.
(e) Again let 8 = 8(8) as in (b). An argument analogous to that above shows that there are u { such that 8o
Wi) ($i) is a A -form of Using the classification of forms of this algebra, we see that Sίo*'^*) is reduced and hence that $ 0 (^) 3 Σkef\ a 3-dimensional diagonal algebra in $ (ίt *\ This implies that Λ< c QQ^/Ike)). Using (b) and Theorem 1 together with the initial remarks in this section we see that $! and B 2 are conjugate in Aut fc $. (f) is similar to (e).
The last assertion follows from the determination of (Aut A 8) 0 given in [21] . COROLLARY (7) {1} [24] [2]
where in each case Cζ denotes conjugation by C (in the indicated algebra), ΓL k Q) is the &-semilinear analogue of GLffi), ΓL k Q/ΣLei) is the subgroup of ΓL k ($) which leaves XLβ< stable, and Ant L Q; fy is the subgroup of Aut L $ which fixes § point wise. In (8) , the range of ζ is a subgroup of index 2 and a convenient representative for the other coset is Θ:X-*-X\ # as before. For C^ΓL k Q\Σhe^ it is known that e^eLe^o, p(C) e S s , the symmetric group on three letters. One obtains (5) from the facts that every automorphism of 3)((£) is realized as conjugation by an automorphism of (£ and that Aut fe (£ s Aut fc (3; Jj) under the correspondence defined in [2] (p. 251).
If 8 is of type A (resp. JE7 6 ) and is split by L, then we take %L = ®($/^M) (resp. £($)), $ as above, and consider the precocycle 97 associated with 8. 8 determines a homomorphism p:G = ga\(L/k)-*S 3 (resp. S 2 ) which is defined by p(s) = p(C(s» where τj(s) = C(s)ζ (resp. p(s) = 0 when η(s) e Im f and 1 otherwise). The integer | p(G) \ is called the Ό k (resp. ί7 β ) type of L and is indicated by a Roman numeral subscript, e.g., D UII .
If IT is the kernel of p and F is the fixed field of H, then S^ is of type D u (resp. E 6I ). Within a given algebraic closure of k, F is characterized as the minimal such extension and we call F the canonical D u (resp. E 6I ) field extension of S ( [2] , [10] ). We note that I(a) was originally obtained by R. B. Brown by different methods ( [6] ) and also that if there are no exceptional Jordan division algebras, over Jc then the conclusion in I(b) can be sharpened to say that 2 is obtainable by a Tits construction ( [23] ) (see [10] for details).
2*2* Throughout this section 2 will be a form of type E 6 (resp. D 4 ) over Jc (char ί; = 0),figS a subalgebra of type D 4 or (o-reducible) G 2 (resp. G 2 ) and L a finite dimensional Galois extension of k with both 2 L and B L split. We take 2 L = 8(8) (resp. ©(^/XLeJ where $ = §((£ 8 , 7) ((£ the split Cayley algebra over L) and by Corollary 1 to Theorem 3 we may assume that B L is canonically embedded (as indicated in (4)). By (8) (resp. (7)) the precocycle of 
(s). A:s-+A(s)
is easily seen to be a precocycle of G in Aut*$ and 2 is either £(S 4(G) ) or 2(3 A{G) ) λ for suitable λ (where SB = ®(^4 (G) )). The converse follows immediately from the realizations 2Q As in [2] , (Th. = 23, 31, 12, i, i, & unequal) . By the results of ([18] , [2] (s, h) and hence that δ k = δ, k = 1, 2, 3. The above remarks imply that δ is split and hence that 8 is a Jordan Z) 4 . Since every F 4 is contained in an E QI this establishes Π(b).
Π(a). If S is of type G 2 contained in 8, then as in the proof of I(a) we see that I iS is C(s)-stable and hence that each δ k is split.
2.3• In this section we drop the assumption that the algebras in question are split to obtain more general results related to those in §1.5. (fc 3 , 7) ) is a reducible G 2 in S(^) if suffices to consider only this case. The extendibility in (4) shows that every automorphism of ®(3>/iK& 3 , 7)) -β extends to an automorphism of £($) of the desired type. To conclude the proof we need only show that if Sΐ' is a ° -reducible G 2 -subalgebra of S(3f) then there is an a'eAutS(^) (Xt-+X"' = C-'XC, CeGLQ)) with ffi'«' = ®(^/£)(fc 3 , 7)).
By our initial remarks, 3? 0 (^') = ^(^3^ δ) in some u-isotope of ΐ$. Since §(& 3 , δ) is reduced, it contains a diagonal algebra Σkf u and thus Si' aΏQw/Σkfi).
By the 3-point transitivity of GL(^) on //($) (see [16] , Prop. 13 and [1] ), there is a C'eGLQ) with fiC eke, ({ej the diagonal idempotents in $5 = I) (K 3 , 7) ). Conjugation by C is an auto-morphism of S($) and by our choice of C", C r~ι WC c ^QIΣke^. By Theorem 1 and the extendibility indicated in (4), there is a C" eGL(J) with S)(3f/λ(*8, 7)) = C'-W-WC'C". COROLLARY Proof. In (a) and (b) we may assume SgS)(3)g8(S) for some reduced $ (Theorem 411 (a) and Lemma 1) . A close examination of the proof of Theorem 5 shows that in this case a is the restriction of X-+C-ι XC to £ where CeGLQ) fixes 3f o (Λ) pointwise (see (5) 
